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Before starting with the second part of the talk, I would like to 

comment on the issue of conformal frames, raised yesterday 

by Matias Zaldarriaga. 

Due to lack of time, I borrowed some transparencies from 

a talk by Misao Sasaki. 

LAPIS-2018



X-frame ➝ W-frame
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Summary Part II

● How to distinguish between MG theory and the 

ΛCDM model? 

● Perturbations: Newtonian, MG. 

● Observable quantities. 
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How to distinguish between MG theory and the ΛCDM 
model? 

Background evolution does not help, since for a given a (t) , it is 

possible to find a potential V(φ) (DE) or a family of f(R) theories that 

has such a (t) as a solution, see Basset et al (2002) for DE, and 

Pogossian and Silvestri (2008), for f(R). 

This degeneracy can be broken by considering observables 

determined by structure formation. Hence we must look at 

perturbations, or fully nonlinear phenomena. 
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Perturbations  - Newtonian theory

(no dissipation)

Solution:
                                                               

(r0 is a comoving radius)

Describes the expansion or 
contraction of an isotropic and  
homogeneous distribution of matter. 
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Perturbations:

Linearizing the EOM:
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(i = 1 ,2 , 3 , 4  ➡ D, V , Φ, Σ ). 

For Σ  = 0 and V parallel
to k ,   
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Defining D = ρ δ , 

Replacing V and V● , 

The behaviour of the sols. depends of  

For λ << λJ , the sols. are oscillatory.
For  λ >> λJ , there are growing and decaying solutions. 
Note that λJ depends of t through ρ.
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Background:

(Monoatomic gas, mass m).
                                                               

Hence, for small enough  k, 
                                                               

Growing solution ➡ Instability.
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The equation for the density contrast, 

has solutions of the form

where the ϵ are the initial density fields. 

* We shall see that in the case of GR, the dependence of the 

equation for  with H is maintained. 

* A useful quantity is the growth factor, given by (in the case of the 

standard model)



The calculation of perturbations in GR and MG theories has some 
features alike to the Newtonian case, but there are additional 
difficulties. To name a few:

1) There are three types of perturbations of the metric (scalars, vector, 
and tensor), which are decoupled to first order.  Scalar perturbations 
may lead to growing inhomogeneities, while the tensor perturbations 
lead to gravitational waves (vector perts. decay with the expansion).

2) One needs to keep only real perturbations, discarding those that are 
gauge artifacts (i.e., can be eliminated by coordinate transformations). 
Only gauge-invariant quantities are relevant.

3) In the case of MG theories, it is necessary to perturb also the extra 
degrees of freedom.
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Matter density perturbations in metric f(R) theories

De Felice y Tsujikawa (2010)
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After a long calculation under the assumption of several hypotheses, 

In the regime M 2>>k 2 ⁄ a2 , this equation reduces to the one in GR,
while in the opposite regime they are solutions are non-standard. 
This has consequences on the growth factor. 
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From the EOM for the perturbations we also get

while in GR, 

A useful quantity is 

So in principle, for a given f(R),  we can solve the diff. eq. for δm as a 

function of  , and then calculate the potentials. 

Note that all these quantities are scale-dependent (through k), due 

to M.



● Integrated Sachs-Wolfe effect

In which observables can we see the difference between 

ΛCDM and f(R) theories?
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evaluated today characterizes the f(R) theory that
has the expansion of the ΛCDM model.
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In which observables can we see the difference between 

ΛCDM and f(R) theories?      (For a review see Joyce et al, 2016)

● Growth factor:

Linder (2009)

Huterer et al  (2015)



LAPIS-2018

Other theories:

● Einstein-æther theories, Jacobson & Speranza, PRD 92, 044030 
(2015).

● TeVes, Saridakis, C&Q Grav., 26, 143001 (2009).

● Bi-metric theories, Schmidt-May & Von Strauss, 1512.00021 
[hep-th]. 

●
● f(T), Cai et al, Rept. Prog. Phys., 79, 10, 106901 (2016).

● Hybrid f ( R, ℛ ) theories, S. Capozziello et al, Universe 1, 188 
(2016).

● “Brane worlds”, Maartens & Koyama, Living Rev. Rel. 13, 5 
(2010).

● ...



Related topics:

● Screening mechanism: the corrections to Newton´s law 

(coming from the extra degrees of freedom) must be 

suppressed to be in accordance with the results of lab 

experiments (high density environment) without spoiling the

modifications for cosmology (very low densities). There are 

several ways to do this  in ST theories (symmetron, chameleon,

Vainshtein), using the freedom in the arbitrary functions. Some 

of these may be translated to f(R) theories.
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● Limits on a given f(R).

Limits on the parameters entering a given f(R) can be set

from observations using Cosmography, where observables 

are expressed as a power series of the redshift, with coeffs.

that depend of the measurable quantities H0, q0, j0, … . This 

kinematical series can be compared to the one obtained using 

the dynamics of the given f(R), thus obtaining limits on the 

parameters of the theory. Ex.: energy conditions (SEPB, 2006), 

redshift drift:
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Limits on the parameters of the Hu & Sawicky theory using
the RD,  Teppa Pannia & SEPB  (2013).
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