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Abstract
f(T) gravity, a kind of modified teleparallel the-
ory of gravity, has attracted a lot of attention
in the recent years due to its hability to predict
an early accelerated expansion of the Universe
without resorting to an inflaton field, and since
it allows to smooth black-hole singularities for
modifications à la Born-Infeld. This theory is
a generalization of the teleparallel equivalent of
general relativity (TEGR), a dynamical theory
for the tetrad or vielbein, based in the torsion
of the Weitzenböck connection that describes a
spacetime with zero curvature but non-vanishing
torsion.

Teleparallel and f(T ) gravity
In teleparallel gravity (TG), the dynamical ob-
ject is the tetrad field ea = eµa∂µ, which is a
basis of vectors in the tangent space of a mani-
fold. The co-tetrad Ea is given by Ea = Eaµdx

µ.
From the co-tetrad
components it can be
obtained the metric g
through the relation

gµν = ηabE
a
µE

b
ν ,

with ηab =
diag(1,−1,−1,−1)
the Minkowski metric, and where it is also that√
−g = det[Eaµ] = E. In TG we work with

the torsion tensor Tµνρ = eµa(∂νE
a
ρ − ∂ρE

a
ν),

which can be regarded as the torsion of the

Weitzenböck connection
W

Γ µ
ρν = eµa∂νE

a
ρ. The

action of TG is given by

S =
1

2κ

∫
d4x eS µν

ρ T ρµν =
1

2κ

∫
d4x eT,

where T is the torsion scalar T = S µν
ρ T ρµν , and

2S µν
ρ = Kµν

ρ + T λµ
λ δνρ − T λν

λ δµρ , with Kλ
µν =

W

Γ λ
µν −

LC

Γ λ
µν as the contorsion tensor. The

equivalence between TG and GR comes from the
identity

−ER = ET − 2∂ρ(ET
µρ
µ ), (1)

which states that their Lagrangians differ only in
a 4-divergence that is only global Lorentz invari-
ant. TG globally determines the field of tetrads
providing the spacetime a metric with an abso-
lute parallelization. The simplest generalization
of the TG action is the so-called f(T ) gravity,
whose action is given by [1,2]

S =
1

2κ

∫
d4xEf(T ). (2)

Since the most general f is not linear in T ,
the 4-divergence in (1) remains encapsulated in-
side the functional form, leaving the theory only
globally Lorentz invariant except for a remnant
symmetry group of local Lorentz transforma-
tions [1,3,4]. Recently it was shown that the
local Lorentz invariance is lost in only one gen-
erator of Lorentz transformations, that could be
a combination of boosts and rotations that are
fixed by the theory [6,8].

Vacuum solutions in f(T )
The equations of motion of f(T ) gravity are ob-
tained by varying the action (2) with respect to
the tetrad Eaµ, obtaining(

eλaT
ρ
µλS

µν
ρ + E−1∂µ(ES

µν
a )

)
f ′

+ S µν
a ∂µTf

′′ −
eνa
4
f = −

κ

2
eλaT νλ ,

where T νµ is the energy-momentum tensor. An
easy way to obtain solutions for these e.o.m.
is to obtain a torsion scalar that is constant
(T = Tc). Then ∂µT = 0, and the dynamical
equations can be arranged as [3]

Gνµ +
δνµ
2

(
f(Tc)

f ′(Tc)
− Tc

)
=

κT νµ
f ′(Tc)

, (3)

where Gνµ = −2eaµ(eλaT
ρ
σλS

σν
ρ +

E−1∂σ(ES σν
a )) + 1

2δ
ν
µT is the Einstein

tensor. Notably the e.o.m. (3) are the Einstein
equations with with a scaled Newton constant
G̃ = G/f ′(Tc) and redefined cosmological
constant Λ = 1

2

(
Tc − f(Tc)

f ′(Tc)

)
.

McVittie geometry
The McVittie geometry describes a black hole
solution embedded in an expanding FLRW uni-
verse. The McVittie metric can be written as

ds2 =

(
1− 2m

R
−H(t)2R2

)
dt2

+
2H(t)R√
1− 2m/R

dRdt− dR2

1− 2m/R
−R2dΩ2,

where dΩ2 = dθ2 + sin2θdφ2 and R = (1 +
µ)2a(t)x is a radial coordinate which represents
a “spherical area” coordinate.
We use a null tetrad approach to find a suit-
able tetrad that describes the McVittie metric
and that is solution to f(T ) dynamical equa-
tions [5,7]. For this, we define a null tetrad
{na} = {l,n,m,m} in terms of an orthonor-
mal tetrad {ea} = {e0, e1, e2, e3} as {na} =
1√
2
{e0 − e1, e0 + e1, e2 + ie3, e2 − ie3}. It is

straightforward to prove that the metric tensor
can be obtained through this null tetrad from
the expressions

gµν = ηabn
a
µn

b
ν , ηab =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 .

A good strategy to incorporate a local Lorentz
boost along the direction of e1 is to perform the
transformation

{l,n} −→ {exp[−λ(x)]l, exp[λ(x)]n},

which leaves the metric unchanged but intro-
duces an additional degree of freedom λ which
can be adjused to find solutions with T = 0. In
particular, we find that the following null tetrad

naµ =
1
√
2


e−λ(γ +RH) − e

−λ

γ
0 0

eλ(γ −RH) eλ

γ
0 0

0 0 R iR sin(θ)
0 0 R −iR sin(θ)


where γ =

√
1− 2m

R , satisfies T = 0 for the

choice λ = t
2R −

3R
2

∫
H2(t)dt [7].

Tetrads for FLRW metric
f(T ) equations admit the FLRW metric as a so-
lution with the diagonal tetrad [2,3]

e0 = dt, e1 = a(t)dx, e2 = a(t)dy, e3 = a(t)dz,

for a perfect fluid source with pressure p and
energy density ρ. This tetrad has TH = −6H2,
and the Friedman equations read

12H2f ′(TH) + f(TH) = 2κρ,

48H2f ′′(TH)Ḣ − f ′(TH)(12H2 + 4Ḣ)− f(TH) = 2κp.

These equations show a term that behaves like
dark energy for a particular choice of f . In par-
ticular, for f(−6H2) = −6H2−α/(−6H2)n the
Friedmann equation becomes [3]

H2 −
(2n+ 1)α

6n+1H2n
=
κ

3
ρ.

The second term in the l.h.s. represents a dark
energy-like contribution to the Friedmann equa-
tions, due to the geometrical deformation in-
duced by the f(T ) modification of TEGR. From
the tetrad obtained for the McVittie metric it
is possible to find another cosmological tetrad
with T0 = 0 that solves the equations of motion
of f(T ). This is easy to see since in the limit
m = 0, the McVittie geometry reduces to the
FLRW metric. The null tetrad obtained is [7]

naµ =
1
√
2


e−λ(1 +RH) −e−λ 0 0
eλ(1−RH) eλ 0 0

0 0 R iR sin(θ)
0 0 R −iR sin(θ)


where λ has the same value than for the McVit-
tie solution. This tetrad has also consistent
equations of motion, given by

f(T0) + 6H2f ′(T0) = 2κρ,

− 4f ′(T0)Ḣ = 2κ(p+ ρ).

We remark the fact that the value of λ does not
depends on the black hole mass m, even in the
former McVittie case. The fact that there are
two tetrads for the same metric with different
torsion scalar could be a manifestation of the
additional degree of freedom of the theory [8].

Conclusions
We obtain the McVittie geometry as a solu-
tion in f(T ) gravity. For this we introduce a
null tetrad approach that facilitates the search
for solutions of the e.o.m.. By taking m = 0
we also obtain a new tetrad that represents a
FLRW universe which has T = 0. This result
contrast with other cosmological solution hav-
ing T = −6H2. More work needs to be done
regarding the stability of both solutions and its
relation with the Lorentz breaking mechanism.

References
[1] R.Ferraro, F.Fiorini, Phys.Rev. D75,084031 (2007)

[2] G.Bengochea, R.Ferraro, Phys.Rev. D79,124019 (2009)

[3] R.Ferraro, F.Fiorini, Phys.Lett. B692, 206-211 (2010)

[4] R.Ferraro, F.Fiorini, Phys.Rev. D91, no.6, 064019 (2015)

[5] C.Bejarano, R.Ferraro, M.J. Guzmán, Eur.Phys.J. C75,

77 (2015)

[6] R.Ferraro, M.J. Guzmán, Phys.Rev. D94, 104045 (2016)

[7] C.Bejarano, R.Ferraro, M.J. Guzmán, Eur.Phys.J. C77,

no.12, 825 (2017)

[8] R.Ferraro, M.J. Guzmán, arXiv:1802.02130 [gr-qc]

(2018).


